Introduction
Structures that present non-linear elastic responses to applied loading have the potential to offer predictable, repeatable, load-displacement behaviour that has favourable characteristics. We describe how a hierarchical structure composed of a helical lattice and elastic medium can be successfully tuned to achieve a set of desired characteristics. In general, the resulting behaviour may be tuned to a variety of responses, however, to highlight one such possibility, we focus on the introduction of pseudo-ductile qualities in the resulting system's elastic stress-strain response. As there is no universally accepted definition of pseudoductility, herein, we describe pseudo-ductile systems as those that possess characteristics that mimic the key features of a traditional ductile material via non-linear elasticity, e.g. a softening of the effective modulus following an initially positive region.
Many mechanisms for introducing ductile-like qualities into composite components have been proposed and are often reliant upon plastic deformations and damage mechanisms [1] [2] [3] [4] [5] [6] [7] , with the inherent limitation of causing non-recoverable loss of stiffness/performance. Non-linear elastic behaviour offers a clear benefit as an alternative by providing repeatable deformations.
As is often observed in biological systems, structural hierarchy offers potential mechanisms to achieve novel material characteristics [8] [9] [10] . In the composite system presented-itself inspired by the virus bacteriophage T4 [11] -the reinforcement comprises a helical lattice that is itself constructed from composite strips. This lattice is subsequently infiltrated with an elastic medium forming a hierarchical system. The phases are referred to within as the 'helical lattice' and 'elastic medium', respectively. Hierarchy is observed at the length scale of the fibre/matrix, defining the helical strip's overall stiffness properties. At the laminate scale the anisotropy of the composite strips is exploited in order to tune the response characteristics of the helical lattice in conjunction with the elastic medium's properties. Recent investigations into the behaviour of similar helical structures, using lattices, ribbons, and ladder-like geometries demonstrate the huge potential for tuning non-linear responses [11] [12] [13] . It is anticipated that the proven bistability of some helical lattices, and the effective negative stiffness they produce, may be aligned antagonistically to the elastic medium in order to produce the required pseudo-ductile qualities.
Herein, an energy based model for the helical lattice developed by Pirrera et al. [11] is extended to include the effects of the elastic medium. The additional components are included in the energy formulation as effective axial and circumferential springs. The simplifying assumption in the analytical model, i.e. the investigation of an equivalent "three-spring" system, allows for a straightforward representation of the underlying physics that could, in future works, be applied to micro-braided lattice structures. Using this modelling approach insight into the required stiffness, geometry and form factors of such systems can be obtained. In identifying how the hierarchical properties of the system must be tuned to achieve desired pseudo-ductile behaviour we are able to inform the development of future pseudo-ductile composites materials. In general, through exploiting composite hierarchy in this manner it is possible to produce systems that offer bespoke material characteristics providing significant opportunities for improved design.
We proceed with the development of the underlying analytical model. Key non-dimensional parameters governing the nature of the response are identified and examples of the predicted behaviour presented.
Finally, regions of pseudo-ductile feasibility are identified in terms of these non-dimensional parameters.
Energy Based Analysis
Pirrera et al. developed an energy based formulation for the helical lattice where individual helices are considered as inextensional strips that lie upon the surface of a cylinder [11] . The strips are sufficiently narrow that the behaviour across the width can be ignored. Furthermore, the hinge points in the lattice structure remain fixed such that individual helices do not slide over each other but together can translate in space. If a further condition is imposed on the helical lattice, that of mirror-symmetric reinforcing strips with a common pitch angle, there is no lattice twist under extension. Under these assumptions the deformations observed for any right or left handed helical strip are mirrored and the choice of a mirror symmetric layup, therefore, permits the use of a single representative helix as all strips are energetically equivalent. Utilising a single representative helix permits a simplification of the unit cell allowing extension, rather than the radial diameter, to characterise behaviour, thus permitting a more direct analysis of the load-extension behaviour [11] . The cylindrical helical lattice structure is represented on the plane by reference to its simplified unit cell, Figure 1 .
It is noted that we maintain the use of the expression 'unit cell' for continuity with Pirrera et al. [11] , but for modelling purposes in this analysis it refers to a full representative helix. The total volume enclosed by the helices is assumed to be minimal and so does not impact the ability to include the elastic medium. Figure 2 shows a representative unit cell for the system including the axial and circumferential springs used to describe the behaviour of the elastic medium. The system's geometric configuration can be completely defined by its axial length, L ∈ [0, λ]. When L = 0 the system is in a fully coiled state with L = λ representing the completely extended state. Alternatively the extension can be described using a 
The extension of a typical lattice structure is illustrated further in Figure 3 , as reproduced from Pirrera et al.
demonstrating the bistable behaviour [11] .
The total internal energy, U , can be described as a linear combination of three spring-like energy components: the helical lattice structure, U H , the axial component of the elastic medium, U A , and the circumferential component, U C . The internal energy together with the work done, V , by an external force, F , Examples of a helical lattice structure in various states of extension -reproduced from Pirrera et al. [11] . The system is in a position of instability in 3b and spontaneously extends or contracts to stable states 3a and 3c.
displacing the structure from its equilibrium position, L E , can be expressed as
allowing the total potential energy of the system, Π = U + V , to be defined. Π has stationary points that may be obtained from the solution of
In order to obtain the force-displacement behaviour equation (3) can be expressed as
As such we concern ourselves with the behaviour of each of the derivatives in equation (4). We discuss the behaviour of each component individually in order to explore potential trends in non-linearity. Knowledge of each component is then used to guide further study into the combined behaviour to meet the objective of identifying pseudo-ductile responses.
Lattice Behaviour
Each lattice strip has an identical stiffness, pre-curvature and initial pitch angle for all right handed helices and is mirrored for left handed ones. Put simply, the internal energy, U H , of a strip of area A can be determined from Classical Laminate Theory (CLT) [14] ,
where we consider only the axial and twist components of curvature, κ(L), and pre-curvature, κ 0 ,
together with the corresponding terms of the reduced bending stiffness matrix, d,
with A, B, and D the usual extensional, coupling and flexural stiffness matrices as defined in CLT [14] .
The pre-curvature, κ 0 , is the unstressed state of the strips following cure, i.e. its cured shape. The additional curvatures, κ, are associated with assembling the strips to conform to the helical lattice's geometry and subsequent deformations of the helical lattice. For example, if the strips were cured as a flat strip they would have zero pre-curvature, but there would be an associated energy in deforming them to conform to the helical lattice's geometry and, therefore, the helical lattice would possess no zero energy state.
Referring to the description of the unit cell with diagonal length λ (Figure 2 ), a lattice composed of N strips of width W can then be described by formulating the curvature using the Weingarten map, which can be specified in terms of one variable,L [11] . The energy of the helical lattice is given in terms of non-dimensional parameters,
where
Expanding the multiplication gives the non-dimensional helical lattice energyŪ
and its derivative with respect toL
Equation (12) indicates how the non-dimensional stiffness properties, δ, and pre-curvatures,κ 0 , can be altered to affect significant changes in the helix's non-linear response. Equation (4) gives the relationship between force and the derivatives of each component of internal energy. For the case of the helical lattice in isolation it reduces to,
or in its equivalent non-dimensional formF
It is therefore sufficient to consider the behaviour of the non-dimensional energy in order to understand the helix's non-linear response. The root(s) of equation (12),L E , give the unloaded equilibrium position of the system with the sign of the slope determining the stability. The slope itself can be interpreted as the effective stiffness of the system; for example a positive slope indicates a stable equilibrium point and the gradient of which corresponds to the positive non-dimensional stiffness. Alternatively, a negative slope indicates an unstable equilibrium point, and in effect a negative stiffness. For negative stiffness structures, additional stable points are observed at the end of the domainL = [0, 1], as the system cannot displace any further. The change in length of the system, ∆L =L −L E , can be defined relative to each equilibrium position,L E , allowing comparison of various systems effective stiffness.
Elastic Medium
The elastic medium is assumed to behave like two springs with the force varying linearly with changes in circumferential and axial displacements. This approximation, i.e. ignoring bulk effects, allows the model to be greatly simplified, whilst still capturing underlying physical behaviour. The axial and circumferential springs possesses stiffness k A and k C , respectively. These are calculated assuming the thickness of the elastic medium, H, is much smaller than the radius of the helical lattice, i.e. H R,
The effective spring stiffness is calculated using the Young's modulus, E, of the elastic medium, andL 0 and C 0 , correspond to the initial zeroed position of the springs. Referring to the unit cell in Figure 2 ,L 0 defines C 0 . The zeroed spring position for the elastic medium need not correspond to the equilibrium position, L E , of the combined helix-medium system, i.e. the helix could first be assembled and then embedded in the elastic medium while held at a pre-defined extension. VaryingL 0 allows for additional tailoring, in a similar manner to varying the pre-curvature,κ 0 , of the helical strips, and can be tuned for differing behaviours.
The energies associated with each elastic medium spring can then be defined from the change in length, ∆L, and circumference, ∆C, respectively,
or, equivalently,
with the change in circumference obtained by application of Pythagoras' theorem, Figure 2 .
The derivatives with respect toL are 1 2
Combined Helix-Medium System Behaviour
The non-dimensional energy of the helical lattice and the elastic medium have been investigated individually. The combined behaviour is given by,
The relative magnitudes of each component is determined by the non-dimensional multiplication coefficients α H and α M , and their ratio α Π
allowing the total energy to be expressed compactly as,
For a given system, α Π , governs the relative magnitudes of the helical lattice and elastic medium dictating the nature of the response. The results of varying this parameter is investigated following the definition of effective strain for the system.
Tuning Non-Linear Behaviour

Effective Strain of the System
In order to evaluate the stress-strain response an effective strain for the hierarchical system must be defined. While the elastic medium is assumed to experience in-plane deformation, the helical lattice's strips are assumed to be inextensional. A global effective strain of the structure can be defined in terms of extension from the equilibrium position,L E , to the final length,L. This can be expressed in terms of non-dimensional parameters as
whereL E ∈ [0, 1]. Although the range of structural displacements is bounded,L ∈ [0, 1], the initial equilibrium position,L E , has a significant impact on the magnitude of the effective strains observed. For the multi-stable systems there can be more than one value forL E . However, by limiting the analysis to systems that possess pseudo-ductile responses there is a stable equilibrium point that can be taken as the reference value. In this analysis we restrict ourselves to curves which possess a single stable equilibrium point within the domain, i.e.L E ∈ (0, 1). 
Pseudo-Ductile Response
A typical set of system properties is investigated ( Table 1 ) that were selected to minimise the number of variables under consideration. For this particular system's configuration the behaviour for varying α Π can be investigated for two spring equilibrium positionsL 0 = {0.3, 0.4}. The family of curves in Figure 4 have negative gradient until α Π rises above a specified threshold and are not shown as they do not possess a stable equilibrium position within the domain and, therefore, lack the required pseudo-ductility. Below the pseudo-ductility threshold the negative stiffness of the helix dominates the system's behaviour. Increasing α Π permits an increased contribution of the elastic medium until an approximately linear profile is observed.
It must be noted that this approximately linear behaviour, as illustrated by the difference between the continuous and dashed lines in Figure 4 , may only be observed in the earlier stages of deformation in Figures 4b and 4b. The deviation of the continuous curves from the reference dashed lines, representing the initial modulus, shows a reduction of effective stiffness. As α Π increases, there is no longer an observable region of reduced stiffness that characterises a pseudo-ductile response. The pseudo-ductile plateau diminishes as the elastic medium completely dominates behaviour. The exact point at which ductility diminishes is not clearly defined and an appropriate judgement was made to include the full range from the onset of pseudoductility to an approximately linear initial response. Quantifying the pseudo-ductility of these responses, and determining more exact bounds for the feasible regions, could be conducted in the future.
In the configurations investigated, pseudo-ductile behaviour is observed upon extension of the system from its initial equilibrium position,L =L E ∈ (0, 1), towards a nearly fully extended state,L → 1. Due to the definition of strain, as given in equation (23), if the initial equilibrium position is not close to the fully extended state, such that for instanceL E 0.91, then large effective strains are observed. This behaviour explains the relatively large strains observed in Figure 4 . As evident in Figure 4c , withL 0 = 0.4 and α Π = 0.75, the system can be tuned to minimise the strain at the peak of the plateau via a suitable choice ofL E . However, this approach simultaneously reduces the effective modulus value. By tuning the system parameters in Table 1 , along with α Π , improved behaviour may be obtained. Simultaneously establishing the optimal parameters of the helix and medium is beyond the scope of this study but the potential for further investigation is evident. 
Effective Stress of the System
In order to obtain an effective material stress-strain response we seek to define an appropriate measure for stress. In typical applications it is sufficient to assume that the applied load is distributed over the initial cross sectional area. However, due to the large variation in radius from the fully coiled to fully extended state the cross sectional area of the combined structure exhibits significant variations. In order to define the effective stress assumptions a definition of the effective area must be made.
In order to define the effective area of the elastic medium, used in calculating the effective spring stiffness, the following area was utilised,
Alternatively, we can define a variable cross-sectional area,
with R H and a constant elastic material volume distributed along the length, noting that large changes of the radius of annulus occurs. Both of these areas can define the effective stress of the system, the effect of which is now explored. By substituting the appropriate area the stresses, σ 0 , and σ A , may be defined as,
assuming a constant and variable cross-sectional area, respectively. These two definitions illustrate the differences in behaviour sufficiently and further area definitions are not be explored.
In order to obtain dimensional stress-strain curves, as seen in Figure 5 , a nominal value of E = 1 GPa is used together with the corresponding non-dimensional curves identified in Figure 4a (with various α Π andL 0 = 0.3). Inspection of equation (26) indicates that the stress is linearly proportional to the elastic medium's stiffness E, as such the choice of E = 1 GPa can readily be interpreted for other stiffness values.
For the case of constant area, A 0 , the modulus retains the desired property of softening at increased strains.
However, as is evident in Figure 5b , the changing area, A A , results in an initially increasing modulus but still retains the pseudo-ductile plateau for α Π = 0.91. These results indicate how non-linearities in the response can be tailored significantly to achieve desirable characteristics. The divergence of the stress-strain curves observed in Figure 5 can be explained by considering equations (12) and (19) where singularities in force-displacement response are predicted as the extension approachesL = 1. The sign of this divergence is dictated by the dominating feature in the combined system, in the case of a positive divergence the elastic medium dominates behaviour, whereas in the case of negative divergence the negative stiffness of the helical lattice is the more significant component. It is noted, in a fully extended physical system, approaching The following section discusses how the form-factor, geometric and stiffness characteristics of the system must be carefully balanced in order to achieve feasible α Π values.
Configuring a Pseudo-Ductile System
Insight into pseudo-ductile responses can be drawn from the three non-dimensional components that make up α Π ,
From inspection of equation (27), the first term, β F , can be considered a form-factor ratio. As N is an integer and is typically restricted to a small range of even values, there is limited tailoring capacity, therefore we focus on β S , and β G . The second term, β S , is a ratio of stiffness properties. This term is a measure of the relative stiffness between the elastic medium and the helical lattice. Finally, β G , is a geometric ratio that compares the effective thickness of the elastic medium to the width of a helical strip. Knowledge of this range allows the permissible stiffness ratios, β S , to be determined, and therefore bounded, for fixed form factors β F (i.e. as a function of N ), as shown in Figure 6a . It is noted that the length of the unit cell, Figure 2 , must be sufficiently large so as to permit inclusion of all the strips comprising the helical lattice within the constraining cylinder. Due to the geometric constraint of fitting both the helical lattice and an elastic medium into a finite volume, while still permitting a full revolution of each of the helical strips within the unit cell, a restriction must be imposed on the relative size of the helical strip width such that λ W . Following from the geometric assumption, it becomes necessary to consider the ratio between the bending stiffness of the helix and modulus of the elastic structure,
While ρ is a dimensional parameter, its use allows insight into the relative magnitude that the helical lattice stiffness, d 11 , and elastic medium, E, must possess. Importantly, ρ shows how differing λ can affect a change of several orders of magnitude in the permissible pseudo-ductile range. By selecting the range of permissible values for β G , the value of β F is fixed, allowing the feasible regions of ρ, as a function of β G , for incremental values of λ, to be plotted. These results are shown in Figure 6b . As λ is increased the magnitude of ρ must decrease rapidly due to the cubic dependence of β S on λ, equation (27) . The sensitivity of β S to changes in λ indicates that careful selection of the relative stiffness properties of the helix and the medium is essential in order to achieve optimal performance.
In order to maintain a value for α Π that produces the pseudo-ductile behaviour seen in Figure 5 and acceptable geometries for the unit cell λ, the constraint on the ratio between d 11 and E given by Figure 6b must be maintained. The choice of available materials has a significant effect on the feasibility of structures such as these. Furthermore, by inspecting equation (26), the effective stress and the initial stiffness is moderated by the elastic medium's modulus E. Such a stiffness profile is expected as the initial stiffness is driven by the modulus of the elastic medium and the antagonistic behaviour of the helix is minimised. Thus the stiffness of the underlying helical structure is not exploited for initial load carrying. This unfavourable behaviour is inherent to the system in its current configuration.
The simplified configuration considered in this study limits the feasible responses to either a low stiffnesslow strain configuration, or a high stiffness-high strain configuration. However, due to the potential for modifying the helical lattice, through the use of various pre-curvatures, potential improvements using optimisation methods could be realised. Furthermore, despite the limited load carrying capacity for individual structures, bundles of lattices whereby some helices contribute positively to the initial load carrying, may offer a potential mechanism to increase stiffness further. This discussion thus highlights the potential for tailoring elastic non-linear responses that are achievable from hierarchical structures comprising helical lattices embedded in an elastic medium.
Concluding Remarks
A preliminary analytical investigation into the behaviour of a hierarchical composite structure comprised of a composite helical lattice coupled with an elastic medium has been conducted. The potential tailorability of the non-linear elastic response has been explored with particular emphasis on the ability to introduce pseudo-ductile characteristics. Several parameters governing the feasibility of such behaviour have been identified and discussed together with the potential to further optimise the properties of such systems.
The simplified configuration considered in this study displays stiffness comparable with the elastic medium's modulus which provides some non-linear tuning capability to the elastic medium's modulus. If, however, a modulus similar in value to that of the helix material is required, further study, exploring the full extent of the design space, may yield improved performance. For example tuning of system parameters, particularly those of the helix's pre-curvature, allows for a helical lattice with increased effective stiffness to be created. Additionally, by considering bundles of differing helices, in order that some may contribute to the initial stages of load carrying, the resulting system's effective modulus may be increased. By expanding the hierarchical structural concept in this manner, the degrees of freedom available for structural tailoring are increased further. While pseudo-ductile qualities have been explored in this study the approach is applicable to more general tailoring goals.
Through exploring the behaviour of the hierarchical system using a simplified approach able to capture the system's underlying physics we are able to predict material behaviour at multiple length scales. By forming composite systems that exploit structural hierarchy it can be seen that non-linear responses may be tuned to produce desirable material characteristics. It follows that more complex systems, incorporating helical bundles and differing materials, pre-curvatures and geometries, would allow even greater scope to tailor the response. Indeed, we have shown that by following our approach bespoke stiffness characteristics may be achievable, that has potential to be incorporated into structures constructed at larger length scales.
